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Abstract Quantifying coherence is an essential endeavor for both quantum
foundations and quantum technologies. In this paper, we put forward a quanti-
tative measure of coherence by following the axiomatic definition of coherence
measures introduced in [T. Baumgratz, M. Cramer, and M. B. Plenio, Phys.
Rev. Lett. 113, 140401 (2014)]. Our measure is based on fidelity and analyt-
ically computable for arbitrary states of a qubit. As one of its applications,
we show that our measure can be used to examine whether a pure qubit state
can be transformed into another pure or mixed qubit state only by incoherent
operations.
Keywords Quantifying coherence · Coherence measure · Fidelity · Qubit
states
1 Introduction
Coherence is a fundamental aspect of quantum physics, encapsulating the
defining features of the theory, from the superposition principle to quantum
correlations. It is an essential component in quantum information processing
[1], and plays a central role in emergent fields, such as quantum metrology [2,
3], nanoscale thermodynamics [4,5], and quantum biology [6,7,8,9]. Although
the theory of coherence is historically well developed in quantum optics [10,11,
12], it is only in recent years that the quantification of coherence has attracted
a growing interest due to the development of quantum information science [13,
14,15,16,17,18].
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By adopting the viewpoint of coherence as a physical resource, Baumgratz
et al. proposed a seminal framework for quantifying coherence [16]. In this
framework, a functional is defined to be a legitimate coherence measure if it
fulfills four conditions, namely, the coherence being zero (positive) for incoher-
ent states (all other states), the monotonicity of coherence under incoherent
operations, the monotonicity of coherence under selective measurements on
average, and the nonincreasing of coherence under mixing of quantum states.
By following the rigorous framework, a number of coherence measures, such as
the l1 norm of coherence [16], the relative entropy of coherence [16], the distil-
lable coherence [19,20], the coherence of formation [17,19,20], the robustness
of coherence [21], the coherence measures based on entanglement [22], and the
coherence concurrence [23,24], have been proposed. These measures have been
widely used to study various topics related to coherence, such as the freezing
phenomenon of coherence [25,26,27], the relation between coherence and other
quantum resources [22,28,29,30,31], the complementarity between coherence
and mixedness [32,33], the relations between coherence and path information
[34,35], the distribution of quantum coherence in multipartite systems [36],
the phenomenon of coherence sudden death [37], and the ordering states with
coherence measures [38,39].
In this paper, we put forward a quantitative measure of coherence by fol-
lowing the axiomatic definition of coherence measures introduced in Ref. [16].
Our measure is based on fidelity and analytically computable for arbitrary
states of a qubit. As one of its applications, we show that our measure can be
used to examine whether a pure qubit state can be transformed into another
pure or mixed qubit state only by incoherent operations.
This paper is organized as follows. In Sec. 2, we review the framework for
quantifying coherence introduced in Ref. [16]. In Sec. 3, we give the definition
of our measure and show that it fulfills the conditions proposed in Ref. [16].
In Sec. 4, we show that our measure is analytically computable for arbitrary
states of a qubit. In Sec. 5, we show that our measure can be used to examine
whether a pure qubit state can be transformed into another pure or mixed
qubit state only by incoherent operations. Section 6 is our conclusion.
2 Framework for quantifying coherence
We first specify some notions introduced in the framework for quantifying
coherence, such as incoherent states, incoherent operations, and coherence
measures [16].
Let us consider a quantum system equipped with a d-dimensional Hilbert
space. Coherence of a state is measured with respect to a particular reference
basis, whose choice is dictated by the physical scenario under consideration.
The particular basis is denoted as {|i〉, i = 0, 1, · · ·, d− 1}. A state is called an
incoherent state if its density operator is diagonal in the basis, and the set of all
incoherent states is denoted by I. It follows that a density operator δ belonging
to I is of the form δ =∑d−1i=0 δi|i〉〈i|. All other states, which cannot be written
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as diagonal matrices in the basis, are called coherent states. Hereafter, we use
ρ to represent a general state, a coherent state or an incoherent state, and use
δ specially to denote an incoherent state.
A completely positive trace-preserving map, Λ(ρ) =
∑
nKnρK
†
n, is said
to be an incoherent completely positive trace-preserving (ICPTP) map or an
incoherent operation, if the Kraus operatorsKn satisfy not only
∑
nK
†
nKn = I
but also KnIK†n ⊆ I, i.e., each Kn maps an incoherent state to an incoherent
state.
A functional C can be taken as a legitimate measure of coherence if it
satisfies the following four conditions [16]:
(C1) C(ρ) ≥ 0, and C(ρ) = 0 if and only if ρ ∈ I;
(C2) Monotonicity under incoherent completely positive and trace preserving
maps, i.e., C(ρ) ≥ C(ΛICPTP(ρ)) for all ICPTP maps ΛICPTP;
(C3) Monotonicity under selective measurements on average, i.e., C(ρ) ≥∑n pnC (ρn),
where pn = Tr(KnρK
†
n) and ρn = KnρK
†
n/pn, withKn satisfying
∑
nK
†
nKn =
I and KnIK†n ⊂ I;
(C4) Nonincreasing under mixing of quantum states (convexity), i.e., C(
∑
n pnρn) ≤∑
n pnC(ρn) for any set of states {ρn} and any pn ≥ 0 with
∑
n pn = 1.
Note that conditions (C3) and (C4) automatically imply condition (C2).
Among various coherence measures, the l1-norm quantifies coherence in an
intuitive way. It can be expressed as
Cl1(ρ) =
∑
i6=j
|ρij |, (1)
where ρij are entries of ρ in the basis.
3 Coherence measure based on fidelity
In this section, we give the definition of our measure and then prove that our
measure fulfills the four conditions introduced in Ref. [16].
The definition is based on convex-roof construction. We define our measure
for a pure state as
CF (|ϕ〉) = min
δ∈I
√
1− F (|ϕ〉, δ), (2)
where F (ρ, σ) = [Tr(
√√
ρσ
√
ρ)]2 is the Uhlmann fidelity. We then extend our
definition to the general case via convex-roof construction,
CF (ρ) = min
{pn,|ϕn〉}
∑
n
pnCF (|ϕn〉), (3)
where the minimum is taken over all the ensembles {pn, |ϕn〉} realizing ρ, i.e.,
ρ =
∑
n pn|ϕn〉〈ϕn|.
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By definition, for a pure state |ϕ〉 = ∑d−1i=0 ci|i〉, where ci are complex
numbers satisfying
∑d−1
i=0 |ci|2 = 1, there is
CF (|ϕ〉) = min
δ∈I
√
1− F (|ϕ〉, δ)
= min
δ∈I
√
1− 〈ϕ|δ|ϕ〉
= min
δ∈I
√
1−
∑
i
δi|ci|2
=
√
1− |ci|2max,
(4)
where |ci|max = max{|c0|, |c1|, · · · , |cd−1|}. That is
CF (|ϕ〉) =
√
1− |ci|2max. (5)
Equation (5) implies that CF (|ϕ〉) = 0 if and only if |ϕ〉 is a pure incoherent
state.
With the above knowledge, we now prove that the functional defined by
Eq. (3) with Eq. (2) satisfies conditions (C1)-(C4) and hence is a legitimate
coherence measure.
First, we show that the functional defined by Eq. (3) with Eq. (2) sat-
isfies condition (C1). By definition, there is CF (ρ) ≥ 0. Since an incoher-
ent state admits a decomposition of the form δ =
∑d−1
i=0 δi|i〉〈i|, we have
CF (δ) ≤
∑d−1
i=0 piCF (|i〉) = 0. Hence, CF (δ) = 0 for an incoherent state δ.
Conversely, suppose that CF (ρ) = 0 for a state ρ. Then, there exists an en-
semble {pn, |ϕn〉} of ρ such that
∑
n pnCF (|ϕn〉) = 0, which further leads to
CF (|ϕn〉) = 0 for all n. It follows that each |ϕn〉 is an incoherent state, and so
is ρ.
Second, we prove that the functional defined by Eq. (3) with Eq. (2) satisfies
condition (C4). Let {ρn} be a set of states and pn be probabilities, and let
{qnm, |ϕnm〉} be the ensemble of ρn achieving the minimum in the definition of
CF (ρn). We then have∑
n
pnCF (ρn) =
∑
n
pn
∑
m
qnmCF (|ϕnm〉)
≥ CF
(∑
n,m
pnq
n
m|ϕnm〉〈ϕnm|
)
= CF
(∑
n
pnρn
)
,
(6)
where the second inequality follows from the definition of CF .
Third, we prove that the functional defined by Eq. (3) with Eq. (2) satisfies
condition (C3). We first consider the pure-state case, in which we need to show
that the inequality
CF (|ϕ〉) ≥
∑
n
pnCF
(
1√
pn
Kn|ϕ〉
)
, (7)
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holds for an arbitrary pure state |ϕ〉, where pn = Tr(Kn|ϕ〉〈ϕ|K†n).
Note that a pure state and a Kraus operator can be expressed, without
loss of generality, as |ϕ〉 =∑d−1i=0 ci|i〉 and Kn =∑i |i〉〈φni |, repectively, where
|φni 〉 are unnormalized states. Since Kn belongs to an incoherent operation,
Kn maps an incoherent pure state to an incoherent pure state, and hence at
most one of the terms 〈φn0 |i〉, . . . , 〈φnd−1|i〉 is nonzero for all i = 0, . . . , d− 1.
We assume that |ci0 | = max{|c0|, . . . , |cd−1|}, where 0 ≤ i0 ≤ d − 1 is a
fixed integer. Using Eq. (5), we have
CF (|ϕ〉) =
√
1− |ci0 |2. (8)
On the other hand, we have Kn|ϕ〉 =
∑d−1
i=0 〈φni |ϕ〉|i〉, which further leads to
that
∑
n
pnCF
(
1√
pn
Kn|ϕ〉
)
=
∑
n
pn
√
1− |〈φ
n
i |ϕ〉|2max
pn
, (9)
where |〈φni |ϕ〉|max = max{|〈φn0 |ϕ〉|, . . . , |〈φnd−1|ϕ〉|}.
Note that at most one of the terms 〈φn0 |i0〉, . . . , 〈φnd−1|i0〉 is nonzero. Sup-
pose that the nonzero term is the in-th one, i.e., 〈φnin |i0〉 6= 0 and 〈φni |i0〉 = 0
for all i 6= in. It follows that
〈i0|
(∑
n
|φnin〉〈φnin |
)
|i0〉 = 〈i0|

∑
i,n
|φni 〉〈φni |

 |i0〉
= 〈i0|
(∑
n
K†nKn
)
|i0〉 = 1.
(10)
Noting that 0 ≤ ∑n |φnin〉〈φnin | ≤ I, which means that ∑n |φnin〉〈φnin | is a
positive semi-definite operator with the largest eigenvalue being 1, we deduce
from Eq. (10) that |i0〉 is a eigenvector of
∑
n |φnin〉〈φnin | corresponding to the
eigenvalue 1. As an immediate consequence, we have
∑
n
|φnin〉〈φnin | ≥ |i0〉〈i0|. (11)
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Using Eqs. (8), (9), and (11), we have
∑
n
pnCF
(
1√
pn
Kn|ϕ〉
)
=
∑
n
pn
√
1− |〈φ
n
i |ϕ〉|2max
pn
≤
√
1−
∑
n
|〈φni |ϕ〉|2max
≤
√
1−
∑
n
|〈φnin |ϕ〉|2
=
√√√√1− 〈ϕ|
(∑
n
|φnin〉〈φnin |
)
|ϕ〉
≤
√
1− 〈ϕ|i0〉〈i0|ϕ〉
=
√
1− |ci0 |2 = CF (|ϕ〉), (12)
where we have used the concavity of the function
√
x, namely,
∑
n pn
√
xn ≤√∑
n pnxn, with pn being probabilities and xn being non-negative numbers.
Hence, we have proved Eq. (7).
We now consider the general case. By definition, for a generic state ρ, there
exists an ensemble, denoted by {qm, |ϕm〉}, such that CF (ρ) =
∑
m qmCF (|ϕm〉).
With the aid of Eq. (7) and using the convexity of CF , we have
CF (ρ) =
∑
m
qmCF (|ϕm〉)
≥
∑
m
qm
∑
n
Tr(Kn|ϕm〉〈ϕm|K†n)CF (
Kn|ϕm〉〈ϕm|K†n
Tr(Kn|ϕm〉〈ϕm|K†n)
)
=
∑
n
Tr(KnρK
†
n)
∑
m
qmTr(Kn|ϕm〉〈ϕm|K†n)
Tr(KnρK
†
n)
CF (
Kn|ϕm〉〈ϕm|K†n
Tr(Kn|ϕm〉〈ϕm|K†n)
)
≥
∑
n
Tr(KnρK
†
n)CF (
KnρK
†
n
Tr(KnρK
†
n)
).
(13)
Equation (13) shows that the functional defined by Eq. (3) with Eq. (2) satisfies
condition (C3).
Since (C3) and (C4) imply (C2), we obtain that the functional defined by
Eq. (3) with Eq. (2) satisfies condition (C2), too, thus completing the proof.
4 Analytic expression for arbitrary single-qubit states
After proving that CF is a legitimate coherence measure obeying (C1)-(C4),
we show that CF is analytically computable for arbitrary states of a qubit. We
present our result as the following proposition.
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Proposition 1. For an arbitrary single-qubit state ρ, CF (ρ) admits the fol-
lowing expression,
CF (ρ) =
√
1−
√
1− 4|ρ01|2
2
, (14)
where ρ01 is the off-diagonal element of ρ with respect to the reference basis.
It is worth noting that CF in this case is a simple monotonic function of
the l1-norm of coherence, Cl1(ρ) = 2|ρ01|.
We prove our result step by step in the following.
First, we introduce an auxiliary state ρ˜, defined as ρ˜00 = ρ00, ρ˜01 =
|ρ01|, ρ˜10 = |ρ10|, and ρ˜11 = ρ11, and show that CF (ρ) = CF (ρ˜). This
can be easily proved by resorting to the incoherent unitary operator U :=
diag(1, exp[i arg(ρ01)]). Indeed, since UρU
† = ρ˜ and ρ = U †ρ˜U , the equality
CF (ρ) = CF (ρ˜) follows immediately from condition (C2).
Second, we show that there exists an ensemble {p˜n, |ϕ˜n〉} of ρ˜ such that
CF (|ϕ˜n〉) = f(|ρ01|) for each n, where f(x) :=
√
(1−√1− 4x2)/2. To this
end, we introduce the pure states defined by
|ϕ˜1〉 = √q|0〉+
√
1− q|1〉, (15)
and
|ϕ˜2〉 =
√
1− q|0〉+√q|1〉, (16)
respectively, where q is an non-negative number satisfying
√
q(1− q) = |ρ01|.
Since
√
q(1− q) = |ρ01| ≤ √ρ00ρ11 =
√
ρ00(1− ρ00), we have that ρ00 lies
between q and (1 − q). Hence, there exists a number 0 ≤ p˜1 ≤ 1 such that
ρ00 = p˜1q + p˜2(1 − q), where p˜2 = 1 − p˜1. Direct calculations show that
ρ˜ = p˜1|ϕ˜1〉〈ϕ˜1| + p˜2|ϕ˜2〉〈ϕ˜2| and CF (|ϕ˜1〉) = CF (|ϕ˜2〉) = f(|ρ01|). Thus, we
arrive at the desired ensemble of ρ˜.
Third, with the aid of the auxiliary state and the ensemble, we are ready
to prove Eq. (14). Note that for a pure qubit state |ϕ〉, CF (|ϕ〉) = f(|xϕ|),
where xϕ denotes the off-diagonal element of |ϕ〉〈ϕ|, and also note that f(x)
is a convex and monotonically increasing function. For an arbitrary ensemble
{pn, |ϕn〉} of ρ˜, we have∑
n
pnCF (|ϕn〉) =
∑
n
pnf(|xϕn |)
≥ f(
∑
n
pn|xϕn |)
≥ f(|
∑
n
pnxϕn |)
= f(|ρ01|)
=
∑
n
p˜nCF (|ϕ˜n〉). (17)
Equation (17) shows that CF (ρ˜) =
∑
n p˜nCF (|ϕ˜n〉) = f(|ρ01|). Hence, there is
CF (ρ) = f(|ρ01|). This completes the proof of Proposition 1.
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5 Application
In the resource theory of coherence, one important issue is to identify condi-
tions under which one state can be transformed into another via incoherent
operations [16]. In this section, we will show that our measure can be used to
determine whether a pure qubit state can be transformed to another pure or
mixed qubit state under incoherent operations. We present our result as the
following proposition.
Proposition 2. A pure qubit state |φ〉 can be transformed into another pure
or mixed qubit state ρ via incoherent operations if and only if CF (|φ〉) ≥
CF (ρ).
Proposition 2 is easy to be proved. The “only if” part follows directly from
the fact that the measure CF satisfies condition (C2). Therefore, we only need
to prove the “if” part. To this end, we simply assume that |φ〉 is of the form
|φ〉 = √p|0〉+√1− p|1〉; otherwise, |φ〉 can be transformed into this form via
an incoherent unitary operator. In the proof of Proposition 1, we have shown
that ρ can be transformed via an incoherent unitary operator into ρ˜, which is
defined as ρ˜ = p˜1|ϕ˜1〉〈ϕ˜1| + p˜2|ϕ˜2〉〈ϕ˜2|, where |ϕ˜1〉 = √q|0〉 +
√
1− q|1〉 and
|ϕ˜2〉 =
√
1− q|0〉+√q|1〉. Hence, we can simply assume that ρ is of the form
ρ = p˜1|ϕ˜1〉〈ϕ˜1|+ p˜2|ϕ˜2〉〈ϕ˜2|. For ease of notation, we also assume that p ≥ 1/2
and q ≥ 1/2. In the condition of CF (|φ〉) ≥ CF (ρ), we have that p ≤ q. With
the above knowledge, we now construct the ICPTP map transforming |φ〉 into
ρ, which is defined as Λ(ρ) =
∑4
n=1KnρK
†
n, with
K1 =
√
p˜1(p+ q − 1)
2q − 1


√
q
p
0
0
√
1−q
1−p

 ,
K2 =
√
p˜1(q − p)
2q − 1

 0
√
q
1−p√
1−q
p
0

 ,
K3 =
√
p˜2(p+ q − 1)
2q − 1

 0
√
1−q
1−p√
q
p
0

 ,
K4 =
√
p˜2(q − p)
2q − 1


√
1−q
p
0
0
√
q
1−p

 .
(18)
Direct calculations show that Λ is ICPTP and Λ(|φ〉〈φ|) = ρ. This completes
the proof of Proposition 2 [40].
6 Conclusion
In conclusion, we have put forward a quantitative measure of coherence by
following the axiomatic definition of coherence measures introduced in Ref.
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[16]. Our measure is based on fidelity and analytically computable for arbi-
trary states of a qubit. As one of its applications, we have shown that our
measure provides a criterion for determining whether a pure qubit state can
be transformed into another pure or mixed qubit state only by incoherent
operations.
Note added. We notice that a new paper, Ref. [41], has recently provided
a general discussion on coherence measures obtained by convex roof. By using
the result in that paper, our proof of CF satisfying (C1)-(C4) can be further
reduced.
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